We investigate a deformed superconformal symmetry on non(anti)commutative (super)spaces, from the point of view of applying the Drinfel'd twisted symmetries. We classify all the possible twist elements derived from an abelian subsector of the superconformal algebra. In the sense of the Drinfel'd twisted Hopf algebra, the symmetries which are broken by the non(anti)-commutativity of (super)spaces are naturally interpreted as the modifications of their coproduct emerged by the corresponding twist element. The remaining unbroken symmetries can be discussed in terms of the commutative property of the considering symmetry generators with the twist element. We also comment on the general non(anti)commutative superspace structures from the superconformal twist
Introduction
Studying a property of noncommutative spaces has recently attracted considerable interests because of the fact that it may provide a fundamental setup of a theory of quantum gravity. Superstring theory, which is believed to be the most promising candidate as a consistent theory of quantum gravity, provides the realization of noncommutative space in the context [3] . The most simplest noncommutative space is the noncommutative plane which has so called canonical structure among its coordinates;
where θ mn is a constant parameter. Note that this canonical noncommutativity breaks Lorentz invariance of the theory. Field theories on this canonical noncommutative plane have been intensively studied, see for example [4] and references therein.
The natural generalization of this bosonic (space-time) noncommutative plane to supersymmetric theory (superspace) was also proposed [5] , namely, the fermionic generalization of (1) is characterized by
where θ α is a fermionic coordinates of superspace (x m , θ α ,θα). The fermionic coordinates are no longer grassmann variables but satisfy a Clifford-like algebra. It is known that this non(anti)-commutativity of superspace breaks a half of supersymmetry corresponding to anti-supercharge Q, and Lorentz symmetry Mαβ [5] . In the case of superconformal symmetry, a half of superconformal supersymmetry S [6] is broken by the deformation. The dilatation and R-symmetry are broken though, interestingly enough, in [6] the authors pointed out that the linear combination of dilatation and R-symmetry is preserved.
In [7] , they showed that the canonical noncommutative plane can be described by the representation space of Drinfel'd twisted Poincaré algebra. This fact enable us to see a deep relation between quantized (Hopf) algebra and noncommutative geometry. The theory defined on the canonical noncommutative space preserves the Drinfel'd twisted Poincaré symmetry though the ordinary Lorentz symmetry is definitely broken.
This idea is extended to the supersymmetric case [8, 12, 11] and conformal symmetric case [9, 15] , and there are many applications to field theory [17] especially the noncommutative gravity theory [14] .
Meanwhile, in [13] , the authors proposed alternative structures of twist element which keeps satisfying the twist equation and showed that the adequate choice of the twist element leads to some exotic noncommutative space, e.g. Lie algebra and quadratic type noncommutative space. It is well known that the abelian twist element guarantees that they satisfy the twist equation trivially [8] .
In this paper, we consider the aspect of broken symmetries on non(anti)-commutative (super)spaces in the sense of Drinfel'd twisted Hopf algebra. The broken symmetries are caused by the twist element. We can systematically classify the broken and unbroken symmetries in the twisted Hopf algebra language. As an example, we clarify the broken and unbroken symmetries on the superspace caused by a twist element made from the superconformal algebra F SS , F DD .
The organization of this paper is as follows. In section 2, the notion of Drinfel'd twisting in the context of Hopf algebra is introduced. In section 3, we classify the broken and unbroken symmetries on the various non(anti)commutative superspace. Some examples are showed in section 3, especially, we focus on the extended non(anti)commutative superspace structure caused by superconformal twist element and classify the broken and unbroken symmetries. Section 4 devoted to the calculation of deformed coproducts and section 5 is a summary of this paper.
Drinfel'd Twisted Hopf Algebra and Noncommutative Space
In this section, we review the notion of twisted Hopf algebra and its representation space. A Hopf algebra ( H, +, •, ι, ∆, ǫ, γ ; K ) over a field K is a unital associative algebra ( H, +, •, ι ; K ) with extra linear maps,
which have some properties of duality as follows. Using the notation that ∆(a) = i a
i for the coproduct, the relations
hold for all a, b, c ∈ H, k ∈ K. We denote the unit element of Hopf algebra as 1. The product is extended to tensor powers as • :
Hereafter the symbol • will be omitted unless otherwise noted. We require the maps to satisfy the following relations;
As can be seen from the last relation of (4) and (6), the antipode behave like an inverse element, but not the same. A pair (ρ, A) of representation ρ and space A determines how H acts on A which is called a (left) H-module algebra. We define the action "⊲" that for all a, b ∈ H and φ, ψ ∈ A,
In addition we require an algebraic structure on A, i.e. the multiplication µ ( φ ⊗ ψ ) =: φ · ψ which is compatible with a coproduct on the Hopf algebra;
For more details see [2] .
We can construct some modified Hopf algebra ( H t = H, +, •, ι, ∆ t , ǫ, γ t ; K ) in a systematic way, from an arbitrary given Hopf algebra ( H, +, •, ι, ∆, ǫ, γ ; K ) [1] . Assume that there exists an invertible element 
Then the new maps of the modefied algebra are given by
here
. All other maps are not changed. This type of Hopf algebra is referred to Drinfel'd twisted or merely twisted Hopf algebra. A H t -module A t is derived from the structure of a given H-module A, along with the twisted H t is constructed from the untwisted H. The representation ρ of H t is the same because the twist element does not affect the algebraic maps ( +, • ). The only different point is the multiplication on the module algebra,
This twisted multiplication µ t is compatible with the twisted coproduct ∆ t with relation (9),
A universal enveloping algebra is an example of Hopf algebra. The universal enveloping Poincaré algebra is frequently discussed in connection with noncommutative plane [7, 8, 16] . Generally speaking, Lie algebras are neither unital nor associative. The structure of Hopf algebra requires both. Therefore we should recognize a Lie algebra g as a vector space and introduce the formal product, and the unit element as the zeroth power of the product as follows.
In the representation, those are given by the composition of maps and identity map, respectively. The direct sum of all ranks of the tensor products, T (g) = ∞ n=0 g n , is called tensor algebra. The T (g) has no Lie algebraic structure. To yield the Lie algebraic property, we impose the condition that the Lie bracket can be replaced with the commutator,
Mathematically speaking, the ideal I generated by u v − v u − [ u, v ] for all u, v ∈ g gives the universal enveloping algebra as a quotient space, U(g) = T (g)/I. The Poincaré algebra P consists of the translation generators P m and the Lorentz generators M mn with the following commutation relations;
The Poincaré algebra P becomes a Hopf algebra through the definitions,
Now we consider the usual differential representation, ρ : U(P) → diff(A). The U(P)-module algebra is the set A = C ∞ (R 1,3 ), smooth functions on Minkowski space. In this situation, the compatibility condition (9) of the action means simply the requirement of Leibniz rule. A twisted Poincaré algebra U t (P) is produced by a twist element with abelian generators of the algebra,
where θ mn ∈ R is an constant with antisymmetric indices 1 and P 's are the translation generators of the Poincaré algebra. Here η mn = diag(−, +, +, +) stands for Minkowski metric. The element (20) obey the twist equation (10) and the counit condition (11) by virtue of the abelian property. Thence the twisted coproduct for translations and Lorentz transformations becomes as below:
Whereas the antipode γ PP t = γ is not modified. It is confirmed that the induced noncommutative multiplication on U t (P)-module algebra A t accord with the Moyal product which gives the noncommutative plane (1). For certain coordinate functions {x m } and related generators of translation ρ(P m ) = i∂ m , we see
Now we have the noncommutative plane geometry [
We can consider the Hopf superalgebra in almost the same way above. There exists the twist elements which induces the Moyal-type multiplication on the superspace [8] . In fact, the N = 1 super Poincaré algebra SP have a structure of Hopf algebra with a graded version of the product,
Here |b| stands for the fermionic character of b, which is defined as follows.
1 Actually, this is not necessary for θ mn to be real or even with antisymmetric indices at the algebraic level. In any case, the twist (20) satisfies the twist equation (10) . The reality condition is needed only after demanding the consistency of the commutation relation on the representation space.
All the rank of graded product are defined in the same way as the equation (5) 
When K contains not merely c-number but anticommutative number, i.e. Grassmann number, K is no longer a field but the Grassmann number ring. In that case, for consistency between K and the Hopf superalgebra, we further demand the following for all k ∈ K and a i ∈ SP;
The definitions (19) are applied to all elements u ∈ SP as well as P. The twist element including fermionic generators, namely supercharges Q in super Poincaré algebra,
with a constant with symmetric indices C αβ ∈ C,
satisfy (10) and (11). Hence by using the differential representation on superspace, we should specify a rule for the derivative of fermionic coordinate. Here we adopt ρ(Q α ) θ β = iδ α β for fermionic coordinate {θ β }. The twisted multiplication gives the nonanticommutativity as follows;
therefore { θ α , θ β } ⋆ = C αβ as mentioned in (2) . The coproduct ∆ QQ t of generators in SP are evaluated in [8] .
Next, let us see some other example. The special conformal generator K and the conformal supercharge S are both the candidates for the twist element in superconformal algebra SC. The K -K twist element F KK gives very complicated noncommutativities between the coordinates in superspace. Actually, the commutator of the coordinates results in infinite series expansion in respect to the noncommutativity parameter, in which each term includes the higher product of the coordinates 2 . It is difficult to obtain the general form of a term in the series explicitly. Instead, here we consider a twist with the S-supercharges. This type of twist element induce a non-linear commutation relation as follows.
[
Unlike in the case of the K -K twist, the S-supercharge twist element induces the noncommutativities only at the first order in the noncommutativity parameter. The higher terms vanish because of nilpotency of Grassmann coordinate {θ α }.
Classification of broken and unbroken symmetries
In this section, we discuss the symmetry breaking on the non(anti)commutative superspace, and its relation to the twisted Hopf algebra method. The modification of the superconformal symmetry of a supersymmetric gauge theory on the N = 1/2 non(anti)commutative superspace formalism was studied in [6] . They found that the R-symmetry and the dilatation symmetry are broken, but the linear combination of these two symmetry generators remain unbroken, as the new dilatation operator. To show it, they calculated the commutators of the generators with the star product explicitly.
Actually, from the aspect of the twisted algebra language, it is obvious that which symmetry is broken 3 , or what combination of the symmetry is unbroken on nonanticommutative deformation.
The Drinfel'd twist modifies the multiplication rule in the representation space, at the same time, the coproduct is changed. The modification of the coproduct makes the action on the product of the representation changed simultaneously, and ensures that the structure of the algebra is preserved. Thus the breaking of a symmetry emerges as the extra terms of modified coproduct, which include the noncommutativity parameters. Seeing the extra terms in the coproduct, it is clear whether a symmetry is broken or unbroken. For instance, in the Q-Q twisted case, the coproduct corresponding to a symmetry generator G becomes as follows.
where [A, B] ± is the (anti)commutator bracket, which gives AB − (−1) |A||B| BA. The terms upward of third order O(C 3 ) vanishes because the Q's have nilpotency. From (33), the problem whether the symmetry is broken or not reduces to whether the commutator [Q, G] ± is nonzero or not. The information whether the considering symmetry G is broken or not just comes from the commutation relations of the algebra.
We focus on the N = 1 superconformal algebra. Possible abelian twist elements 4 in the superconformal algebra are viewed in Table 1 . The table shows the fundamental twist elements with our notation
, and each column represents simultaneous utilization of items at first column, namely that the combination of marked twist elements at the same column behave as an twist element again. In fact, the product of the marked elements F := F PP F PQ F QQ satisfy the conditions (10), (11) because the generators in thier twist elements are in an abelian subsector. 
Let us see the unbroken symmetries in each non(anti)commutative superspace. We summarize the twists and the corresponding commutators in the spinor representation.
Relevant commutators in P -P twist 
The collection of broken and unbroken symmetries of leading twist elements are showed in Table  2 . In the Q-Q and S-S twist, although D and R are broken respectively, the only combination
That is agreement with the result in [6] .
Twisted Coproducts
The symmetry breaking on each non(anti)commutative space appears as extra terms of the twisted coproduct, however, in the sense of (15) the symmetries are not broken in terms of the twisted Hopf algebra, i.e. modifying the multiplication and Leibniz rule on original (anti)commutative space.
We investigate the twisted coproducts by abelian twist elements chosen from the generators of superconformal algebra SC. The candidates of such twist element are P -P , K-K, D-D for bosonic generators, and Q-Q, S-S for fermionic generators, in addition, there are some mixed type twist elements, which are composed from both bosonic and fermionic generators. Since a twist element associated with bosonic generators has infinite expansion series, naively one expects that its twisted coproduct will consist of infinite terms in general. For instance, the case of (20) is calculated as follows.
where ad A (B) := [ A, B ] and G ∈ SC. However, in view of (34) we get [
for all G ∈ SP, hence this polynomial stops up to the second order of the parameter θ. For the same reason, the K-K twisted coproduct have the expansion terms up to the second order of the noncommutative parameter. In fact,
The D-D twist is an exceptional case. Some coproduct of the twist has terms with noncommutativity parameter at all order. Nonetheless, by virtue of desired property of dilatation [ D, G ] = f G G with some structure constant f G ∈ C, the D-D twisted coproduct can be written as the following simple result.
The twist elements and twisted coproducts of fermionic generators are always at finite order as discussed in (33) and the subsequent sentences. Namely, terms at the third order O(C 3 ) disappear due to nilpotency of generators such as Q α Q β Q γ = 0 (α, β, γ ∈ {1, 2}). So we can evaluate the S-S twisted coproducts by (30),
The coproducts for generators of SC are given as follows.
A bosonic-fermionic-mixed type twist element is constructed by two kinds of generators which span some abelian subsector, as listed in Table 2 , the P -Q, S-Q, K-S and so on. The coproducts of them are slightly different from the previous two. As a typical case, we study the P -Q twist.
Following by the definition of [8] , the twist element with a Grassmann number parameter λ is
The h-th order of the twisted coproduct ∆ PQ t (G) for any generators G of SC is described in specific terms as follows with notation ad It turns out that the twisted coproducts with respect to an abelian subsector in superconformal algebra are computable by simplicity of the algebra as a Lie superalgebra, in other words, the coproducts can be written in few terms of the series or by a simple form such as (42).
Summary
In this paper, we discuss the broken and unbroken superconformal symmetries on the various non(anti)commutative space in the context of Drinfel'd twisted Hopf algebra. The non(anti)-commutative space is realized as the representation space of the twisted Hopf algebra. The non-(anti)commutativity of superspace depends on the choice of the twist element, e.g. P -P twist element F PP for canonical noncommutative plane [x m , x n ] = iθ mn and S-S twist element for an extended non(anti)commutative superspace. The theory defined on the noncommutative space generally exhibits a violation of some part of the original (commutative space) symmetries and some part, including linear combinations of the generators in the broken symmetry, remains to be intact. This broken and unbroken symmetries are systematically classified by means of the Drinfel'd twisted Hopf algebra.
Strictly speaking, these "broken" symmetries are not broken in a sense, because the algebra can be recovered provided the corresponding coproduct is modified [7] as we have seen in section 4.
We also consider all possible abelian twist elements in the superconformal algebra and classify the structure of the broken and unbroken symmetries corresponding to each choice of the twist element.
In addition, we showed that our S-S twist element F SS provides the extended non(anti)-commutative structure in the superspace which may be compared with the earlier work [13] .
The study in this paper may provides us the general way of investigating the symmetry structure of the superconformal theory on noncommutative geometry.
